Take a rational elliptic curve defined by the equation y 2 = x 3 + ax in minimal form and consider the sequence Bn of the denominators of the abscissas of the iterate of a non-torsion point; we show that B5m has a primitive divisor for every m. Then, we show how to generalize this method to the terms in the form B4m and Bmp with p a prime congruent to 1 modulo 4.
Introduction
Definition 1.1. Given a sequence of integers (x n ) n∈N , we say that the sequence is a divisibility sequence if m | n =⇒ x m | x n .
Given a sequence of integers (x n ) n∈N , we say that the n-th term has a primitive divisor if there exists a prime p such that p | x n and p ∤ x 1 · x 2 · · · x n−1 . Definition 1.2. Take an elliptic curve E, defined over Q. Consider P a rational non-torsion point on E and take x(nP ) = A n B n with (A n , B n ) = 1 and B n > 0.
We will say that the sequence of positive integers {B n } n∈N is an elliptic divisibility sequence. The sequence of the B n depends on E and P and sometimes we will denote it with B n (E, P ).
Thanks to [5, Proposition 10] , we know that for every elliptic curve in minimal form and for every non-torsion point P ∈ E(Q), B n (E, P ) has a primitive divisor for n large enough. This result is not effective. When one compute some terms of an elliptic divisibility sequence, it seems that B n does not have a primitive divisor only for n very small. As far as I know, the example of the B n (E, P ) without a primitive divisor for the largest n for E in minimal form is at n = 39 and it is given at the beginning of page 476 of [3] . Given the curve E defined by the equation y 2 + xy + y = x 3 + x 2 − 125615x + 61201397 and P = (7107, −602054), B 39 (E, P ) does not have a primitive divisor. For some classes of curves, there are some effectivity results. For example, in [2] it is proved that, if E has a non-trivial rational 2-torsion point, then B n has a primitive divisor for n even and greater than an effective computable constant. Also in [2, Theorem 2.2] , an unconditional result for primitive divisors of elliptic divisibility sequences associated with elliptic curves of the form y 2 = x 3 − T 2 x is obtained. The work in [9] both improves and generalizes this result, proving that, if E is defined by y 2 = x 3 + ax with a fourth-power free, then the sequence of the B n has a primitive divisor for every n ≥ 3 even.
The first aim of this paper is to correct an error in the proof of this fact. In order to prove the main result of [9] , it is necessary to show that B 5m has a primitive divisor for every m. Yabuta and Voutier prove this in their Lemma 5.1. In the proof of this lemma, there is a mistake at the end of page 181, that we want to fix. Putting C k = B mk , the authors assume that if B 5m does not have a primitive divisor, then C 5 does not have a primitive divisor too. However, this is not necessarily true. It is possible that C 5 has a primitive divisor which divides B n for some n | 5m with m ∤ n. This means that their use of their Lemma 3.4 to obtain an upper bound for log B 5m is not correct. This same mistake also seems to affect the proof of Lemma 7 in [3] . We will fix this issue, proving the following. Theorem 1. 3 . Let E a be the elliptic curve generated by the equation
with a an integer fourth-power free and P be a non-torsion point in E(Q). Then, B n (E a , P ) has a primitive divisor, if n is a multiple of 5.
Observe that, up to isomorphism over Q, every elliptic curve in minimal form and with j-invariant equal to 1728 is defined by the equation y 2 = x + ax with a an integer fourth-power free.
Finally, we show how to generalize the proof of Theorem 1.3 to the case when we consider the terms in the form B 4m and B mp , for p ≡ 1 mod 4, proving the followings theorems. Theorem 1. 4 . Let E a be as before and P be a non-torsion point in E a (Q). There exists an effectively computable constant C 4 , independent from a and P , such that B 4m (E a , P ) has a primitive divisor for every m greater than C 4 . Theorem 1.5. Let E a be as before and P be a non-torsion point in E a (Q). Take p a prime congruent to 1 modulo 4. There exists an effectively computable constant C p , independent from a and from P , such that B mp (E a , P ) has a primitive divisor if p is the smallest prime divisor of mp and m > C p .
In [9, Remark 1.5.] , it is conjectured that for every sequence B n (E a , P ), every term has a primitive divisor for n ≥ 4. The work of this paper made one little step forward in order to prove this conjecture.
Preliminaries
We start recalling the hypothesis of [9] and the facts that we will use. Let a be a fourth-power free integer and E a be the elliptic curve defined by the equation y 2 = x 3 + ax. We will denote with ∆ the discriminant of the curve, that is ∆ := −64a 3 . We define the height of a rational number as
if u and v are coprime and the logarithmic height as
Given P ∈ E(Q), we define H(P ) = H(x(P )) and h(P ) = h(x(P )). We consider the canonical height of a point as defined in [6, Proposition VIII.9.1].
Lemma 2.1. Let P ∈ E(Q) and T ∈ E(Q) be a torsion point. Then, h(P ) =ĥ(P + T ).
Proof. Let n be the order of T . Then,
Here, we are using that the canonical height is quadratic, i.e. for every n ∈ Z and every R ∈ E(Q),ĥ(nR) = n 2ĥ (R).
Then,
Proof. This is proved in [ Proof. This is proved in [10, Theorem 1.2].
Lemma 2.5. For every positive integer n define
Proof. This was proved at the top of page 178 of [9] .
Lemma 2.6. Suppose that B n does not have a primitive divisor. Then,
where ω(n) is the number of prime divisors of n.
Proof. Define η(n) = p|n 2 log p.
Then, as was proved in [9, Lemma 3.4.], log B n ≤ η(n) + 2n 2 ρ(n)ĥ(P ) + 2Cω(n).
We conclude observing that η(n) ≤ 2 log n.
Lemma 2.7. Let ψ n and φ n be the polynomials in Z[x, y, a] as defined in [6, Exercise 3.7] . We recall the properties of these polynomials that we will use in this paper. The ψ n are the so-called division polynomials.
• For every n > 0 and every P ∈ E(Q),
.
• The polynomial φ n is in Z[x, a].
• If n is odd, then the polynomial ψ n is in Z[x, a]. Instead, if n is even, then ψ n is a polynomial in Z[x, a], multiplied by y. Then, using y 2 = x 3 + ax, we conclude that ψ 2 n ∈ Z[x, a] for every n.
• The polynomial φ n (x) is monic and has degree n 2 . Instead, the polynomial ψ 2 n (x) has degree n 2 − 1 and its leading coefficient is n 2 . The zeros of this polynomial are the x-coordinates of the non-trivial n-torsion points of E(Q).
Proof. See [6, Exercise 3.7] . Let x(P ) = u/v with (u, v) = 1. We define, with a little abuse of notation, φ n (u, v) and ψ 2 n (u, v) the homogenization of the polynomials evaluated in u and v. Then,
. Take g n := gcd(φ n (u, v), vψ 2 n (u, v)) and then
Lemma 2.8. For every n and m,
Proof. Observe that both sides have degree 2(n 2 + m 2 − 1). The leading term of both sides is (n 2 − m 2 ) 2 . Then, we just need to check that the zeros of the two polynomials are the same. Using the definition,
Thanks to the group law, for every point R ∈ E(Q), x(R) = x(−R), as shown for example in [6, III.2.3]. If Q is a point of n + m-torsion, then x(nQ) = x(−mQ) = x(mQ) and so the left side is annihilated in the x-coordinates of the (n + m)-torsion points. If Q is a point of |n − m|-torsion, then x(nQ) = x(mQ) and so the left side is also annihilated in the x-coordinates of the |n − m|-torsion points. The non-trivial n + m-torsion points are (n + m) 2 − 1 and the non-trivial |n − m|-torsion points are (n − m) 2 − 1. Therefore, the union of these two sets has 2(n 2 + m 2 − 1) elements, that is the degree of the polynomial. So, the roots of both polynomials are the abscissas of the non-trivial (n + m)-torsion points and the non-trivial |n − m|-torsion points.
Lemma 2.9. Take u and v two coprime integers. Then,
, where with Res we denote the resultant of the two polynomials. Then, there exist two polynomials P k and Q k with integer coefficients such that
Multiplying by an appropriate power of v, we have
since φ k is monic and then the gcd does not divide any prime divisor of v. So,
and so we conclude. Remark 2.10. We can assume |a| ≥ 2. Indeed, if |a| = 1, then E a has rank 0 and so there are no non-torsion points. If a ≡ 4 and |a| ≤ 100, then we have to study only 13 curves. If a = 68, then, using the database [1] , we know that these curves have rank 0 or 1. If the curve has rank 0, then the lemma is trivial since there are no non-torsion points. If the curve has rank 1, then the minimum forĥ(P ) is at the generator of the curve and then, using the database we can check that the inequality holds. It remains to deal with the curve with a = 68. Using Sage 8.2, it is possible to find a lower bound for the canonical height over an elliptic curve. For the curve E 68 this bound isĥ ≥ 0.64 and so the inequality still holds. The lowest value forĥ (P ) log |a| + log 16 is at a = −12 and x(P ) = −2. Now, we briefly show how we perform some of the computations. We will use GP/PARI 2.11.1 [7] and SAGE 8.2. [8] .
• Given an elliptic curve of Rank 1, we want to compute the generator of the curve. If the conductor of the curve is small enough, we can use the database [1] . Otherwise, we can use PARI. The command "ellhegner" gives a point that is in the form Sha(E) · P , where P is the generator of the curve and Sha(E) can be compute using the command "E.sha()" of SAGE.
• A Thue equation can be solved using the command "thue" on PARI.
• At some point we will need to compute a lower bound for the canonical height of every non-torsion point of a given curve E. We can use the command "E.height_function ().min(.0001, 20)" of SAGE. This gives a bound with an error less than 0.01 for the curves that we will consider.
3 Proof of Theorem 1.3
Now, we are ready to prove Theorem 1.3. We divide the proof in two parts, one for the case n ≥ 40 and one for the case n ≤ 35. Recall that we are considering the elliptic divisibility sequence B n (E a , P ), where E a is defined by the equation y 2 = x 3 + ax with a a fourth-power integer. Observe that we can prove the theorem only for n square-free. Indeed, let r = p|n p and then, if B n (E, P ) does not have a primitive divisor, then neither B r (E, (n/r)P ) does. If we show that the theorem holds for n square-free, then B r (E a , (n/r)P ) has always a primitive divisor and hence B n (E a , P ) too.
Proposition 3.1. Let n = 5m be a square-free integer with m ≥ 8. Then B n has a primitive divisor.
Proof. Suppose that B n does not have a primitive divisor. Then, log B n ≤ 2 log n + 2n 2 ρ(n)ĥ(P ) + 2Cω(n), thanks to Lemma 2.6. Therefore, using Lemma 2.3,
If we show that the inequality does not hold, then B n has a primitive divisor. Suppose that 2 does not divide n. So,
and ω(n) ≤ log n log 3 < 0.92 log n It is easy to check that for n ≥ 45, n 2 ≥ 54 log n + 1503
and so the inequality does not holds and we have a primitive divisor for |a| ≤ 100 and n ≥ 45. Now, we want to deal with the case n even. We will use the ideas used in the proof of [2, Theorem 2.4.]. Let n = 2k. Then, using (1),
Otherwise, B k ≤ |A k | ≤ 2 |a| B k and then H(kP ) = A k . Thus,
and so, using (5),
Here we are using that A 2 k + aB 2 k = 0 and so A 2 k + aB 2 k ≥ 1 since it is a nonzero integer. Indeed, if it is 0, then y 2 (kP ) = x(kP ) 3 + ax(kP ) = 0 and then, thanks to the group law, kP would be a 2-torsion point. This is absurd since P is not a torsion point. Hence,
where the second inequality follows from Lemma 2.2. Therefore, if B n does not have a primitive divisor, then by Lemma 2.3,
Using Lemma 2.5, we know ρ(n) < 0.46. Moreover, ω(n) < log n/ log 2 since n > 2 ω(n) and so n 2ĥ (P ) ≤ 12.5 2C(ω(n) + 2) + 2 log n + 11 log (2) So the inequality does not hold only for the the points in the form ±P +T where P is the generator of the curve and T is a torsion point. All the curve that we are considering have Sha(E) = 1 and so the command "ellhegner" of PARI gives a generator of the curve. Using "elltors" one can check that the only torsion point on these curves is the point (0, 0). Take a = −508 and, using PARI we know that the generator of the curve P is such that x(P ) = −12446/625. Let T be the only non-trivial non-torsion point, that is T = (0, 0 (7) does not hold for every non-torsion point. Using the database [1] we know that E −252 is generated by the point P = (−14, 28) and Q = (−12, 36). Define the bilinear pairing
for R 1 , R 2 ∈ E(Q) (for the details on this pairing see [6, Section VII.9]). Define the regulator of the curve as
Reg(E) = P, P Q, Q − P, Q 2 =ĥ(P )ĥ(Q) − P, Q 2 .
We knowĥ(P ) < 0.9,ĥ(Q) < 1.25 and Reg(E) > 0.52 thanks to database [1] . So, | P, Q | < √ 0.9 · 1.25 − 0.6 < 0.78.
We can assume P, Q > 0, since we can substitute P with −P . Then, The case for a = −396 is analogous.
Now, it remains to study the case n ≤ 30. The cases with n ≤ 25 are proved at the beginning of the proof of [9, Lemma 5.1]. We want to use the same ideas for the case n = 30 too, but we need some preliminaries lemmas. Recall that g n = gcd(φ n (u, v), vψ 2 n (u, v)) with x(P ) = u/v. Lemma 3.3. For every n odd,
and for every n,
where δ ∈ {0, 1} is a constant that depends only on E and P .
Proof. See [9, Lemma 3.5].
Lemma 3.4. For every n, g 4+n g |4−n| = g 2 4 g 2 n and for every n odd g 2+n g |2−n| = 4 δ g 2 2 g 2 n .
Proof. Thanks to (1),
and using Lemma 2.8
Using again (1),
and we conclude using Lemma 3.3 since
The other case is analogous. and, for n ≡ 2 mod 4,
where δ is defined in Lemma 3.3.
Proof. We will prove the first equation by induction. Thanks to the definition, g 1 = gcd(A 1 , B 1 ) = 1 and so the lemma holds for n = 1. If it holds until n, then
The other case is analogous. Lemma 3.6. Given a prime p and an integer x, we denote with ord p (x) the biggest integer k such that p k | x. So, ord 2 (g 4 ) ≤ 5 ord 2 (g 2 ) + 6.
Proof. Using [6, Exercise III.3.7], we can explicitly compute φ 2 , ψ 2 , φ 4 and ψ 4 . We have
Observe that, if u and a are not both even, then 
Take p a prime that does not divide B 30 . So, ord p (x) = 0 since p does not divide any of the terms involved. If p divides B 30 , then it must divide one of the other factor. Suppose p divides B 1 . Then, thanks to (8) ,
If p divides B 2 and does not divide B 1 , then This polynomial depends only on x and if a prime p divides Ψ n (1)| a=−1 , then p divides 2n. Moreover, if a prime p divides Ψ n (0)| a=1 , then p divides 2n.
Proof. We start showing that the polynomial depends only on x. If n is odd, then we conclude easily observing that ψ k depends only on x if k is odd. If n = 2 k , then Ψ n = ψ n /ψ n/2 and we conclude using that for n even the polynomial ψ n is in the form yp n (x), where p n depends only on x. If n = 2 k d with d odd and greater than 1, then y divides lcm l|n,lprime ψ n/l (x, y) and then we conclude as in the previous case. Define p n (x) = ψ n (x) for n odd and p n (x) = ψ n (x, y)/y for n even. So,
and then we just need to prove that if p divides p n (1)| a=−1 , then p divides 2n. Define h k = p k (1)| a=−1 . Using the recurrence law on the ψ n , that can be found in [6, Exercise 3.7] we obtain
). Explicitly writing the first terms on the sequence of the division polynomials, we have h 1 = 1, h 2 = 2, h 3 = −4 and h 4 = −32. By induction, it is easy to check that h 2k = (−1) k−1 k2 k 2 and h 2k+1 = (−1) k 2 k(k+1) . For example,
where the second equality follows by induction. The other cases are analogous. So, if p divides p n (1)| a=−1 = h n , then it divides 2n. Now, we want to study Ψ n (0)| a=1 . Define j n = p n (0)| a=1 , that verifies the same recurrence equations of h. By induction, it is easy to prove that j 2k = (−1) k−1 k and j 2k+1 = (−1) k . So, we conclude as before.
Let P be a rational point on the elliptic curve E a and put x(P ) = u/v with u and v coprime. Define X = u 2 /(u 2 , av 2 ) and Y = v 2 /(u 2 , av 2 ). Lemma 3.9. If B n does not have a primitive divisor, then Ψ n (X, Y ) is divisible only by 2 and by the primes that divide n.
Proof. This follow from the proof of [3, Lemma 5] , that is identical to the proof of [3, Lemma 4] . At the beginning of Section 2 of [3] there is an error. It is claimed that Ψ n (1)| a=−1 is a power of 2. This is not true, for example 3 divides Thanks to our computations of the g n , we are now able to improve the exponents of [3, Lemma 5]. Proposition 3.10. Let us consider the elliptic divisibility sequence B n (E a , P ) and suppose that B n (E a , P ) does not have a primitive divisor for n square-free. Then, Ψ n (X, Y ) = 2 α2 l|n l =2 l α l with α 2 ≤ 75 4 n 2 − 59 and α l ≤ 45 4 n 2 − 35. Proof. Using the first part of the Proof of [3, Lemma 4] , we know that Ψ n divides ng
using Lemma 3.5 and Lemma 2.9. If n is even, in the same way,
Here we are using that n is square-free and so n ≡ 2 mod 4 if n is even. Suppose n ≥ 2. Then, using ∆ = −64a 3 , we have
Take p = 2 a prime. If p does not divide n, then ord p (Ψ n (X, Y )) = 0. If p divides n, then
since a is fourth-power free. Moreover, ord 2 (Ψ n (X, Y )) ≤ 1 + 5 15n 2 − 48 4 = 75 4 n 2 − 59.
Remark 3.11. The previous Proposition is an improvement of [3, Lemma 5], since the exponents grows as n 2 and then, for n large enough, they are smaller than the exponents of Lemma 5. Now, we are ready to conclude the proof of Theorem 1.3.
Proposition 3.12. The term B n has always a primitive divisor for n = 30.
Proof. Take
B 15 and then, using (5) ,
· g 15 g 10 g 6 g 1 g 30 g 5 g 3 g 2 = √
x.
If B 30 does not have a primitive divisor, then x|(30) 2 for Lemma 3.7. Thus, thanks to Lemma 3.5, P (u, v)|30 g 30 g 5 g 3 g 2 g 15 g 10 g 6 g 1 = 30g 24 4 (2 δ g 2 ) −24 (9) where
If we put X ′ = u 2 and Y ′ = av 2 and we substitute them in P (u, v), then we obtain a homogeneous polynomial P (X ′ , Y ′ ) of degree 144. Take X ′ = ZX and Y ′ = ZY with (X, Y ) = 1 So, using Lemma 3.9, we obtain
We know, by (9) , that a 1 ≤ 2 + 24(ord 2 (g 4 ) − ord 2 (g 2 )) ≤ 146 + 96 ord 2 (g 2 ).
If 2|v, then θ 2 (u, v) ≡ u 4 ≡ 0 mod 2 and then ord 2 (g 2 ) ≤ ord 2 (θ 2 (u, v)) = 0. If 2 ∤ v, then ord 2 (g 2 ) ≤ ord 2 (gcd(θ 2 (x), ψ 2 2 (x))) ≤ 4 where the last inequality follows from the fact that the equation
has solution only for a ≡ 0 mod 16, that is absurd since a is fourth-power free. Therefore, a 1 ≤ 146 + 96 ord 2 (g 2 ) ≤ 146 + 96 · 4 = 530.
The equation P (X, Y ) ≡ 0 mod 3 has no solution for X and Y coprime and so a 2 = 0. This follows from the fact that P (x, y) ≡ 0 mod 3 has only the solution (x, y) ≡ (0, 0) mod 3 and this can be checked by direct computation.
In the same way a 3 = 0. In conclusion, if the sequence is generated by P with x(P ) = u/v does not have a primitive divisor, then P (X, Y )|2 530 with X = u 2 /(u 2 , av 2 ) and Y = av 2 /(u 2 , av 2 ). Hence, we have to solve finite Thue equations of the form P (X, Y ) = d with d|2 530 . Using PARI, we want to show that this equation has solutions only for X = ±Y , X = 0 or Y = 0 (we will call them the trivial solutions). The polynomial can be reduced in four irreducible terms, that we will call p 1 , p 2 , p 3 , p 4 . The polynomial p 1 has degree 16, the polynomial p 2 has degree 32 and the coefficient of X 31 is −4256, the polynomial p 3 has degree 32 and the coefficient of X 31 is −416 and the polynomial p 4 has degree 64. If P (X, Y )|2 530 , then p 1 (X, Y ) = ±2 k for k ≤ 265 or p 1 (X, Y ) = ±2 k for k ≤ 265. Using PARI one can check that these two equations have only trivial solutions. This calculation took 5 minutes using PARI 2.1.11 on a 10 desktop with an Intel i7-7500 processor and 8gb of RAM. If X = 0, then u = 0 and hence P is a 2-torsion point, that is absurd since we assumed that P is non-torsion. If Y = 0, then a = 0 or v = 0 and neither of which we consider here. If X = −Y , then X ′ = −Y ′ and so u 2 = −av 2 . Then x(P ) 2 = −a so again P is a 2-torsion point. If X = Y , then x(P ) 2 = a and so y(P ) 2 = x(P ) 3 + ax(P ) = 2a 3/2 . Therefore 2a 1/2 = (y(P )/x(P )) 2 is a square. Suppose p = 2 divides a. Then ord p (a) = 2 ord p (2a 1/2 ) ≥ 2 · 2 and this is absurd since a is fourth-power free. So, it remains only the case a = ±4. These curves have rank 0. Hence, there is always a primitive divisor.
Application to a more general case
We want to generalize the techniques of the previous section to a more general case. The proof of Theorem 1.5 will follow the ideas of [9, Lemma 5.1]. As the authors of [9] pointed out in Remark 5.2, ψ k is reducible for k = 13 and 17. We will show that indeed it is reducible for every prime congruent to 1 modulo 4 and therefore we will apply their ideas to prove Theorem 1.5. Take k a natural number such that ψ k is reducible. We start this section studying when B mk has a primitive divisor.
Lemma 4.1. Let T 1 and T 2 be two non-trivial k-torsion points of E a (Q) such that T 1 = ±T 2 . There exists K k , depending only on k, such that
where in the second inequality we are assuming that x(T 1 )x(T 2 ) = 0.
Proof. Fix k and consider the curve E 1 defined by the equation
is the set of the k-torsion points of E(Q). There is a complex isomorphism ϕ between E 1 and E a given by the map ϕ : (x, y) → (a If R 1 is a k-torsion point of E 1 , then ϕ(R 1 ) is a k-torsion point of E a . So, if R 1 and R 2 are two k-torsion points of E a (Q), then
for T 1 and T 2 two k-torsion points of E 1 (Q). Therefore,
It is easy to show that the constant K k can be written as K k = K 1 k 6 , with K 1 an absolute constant. If one wants to made the next theorems explicit should effectively compute this constant.
with g and f two coprime polynomials with integer coefficients. Let d = min{deg f, deg g} and suppose
Therefore,
and this is absurd thanks to Lemma 4.1 since ζ and x 0 are both abscissas of k-torsion points. Then,
Observe that g(u, v) is a non-zero integer and then |g(u, v)| ≥ 1. In conclusion,
Suppose now |u| ≥ v, that deg f ≤ deg g and that the root ζ = 0 of ψ 2 k that minimize x −1 − ζ −1 is a root of g. Then,
The other cases are analogous. 
Proof. Thanks to the hypothesis,
Using Lemma 2.9 and Lemma 4.3,
Considering the logarithms, Now, we want to find some other cases where ψ k is reducible. We will show that this happens for a lot of primes. We briefly recall some classical facts on the elliptic curves, for the details see [6, Section III.9] . With End(E) we denote the ring of the endomorphisms (defined over Q) of E. Since the map given by the multiplication for an integer is an endomorphism, then Z ⊆ End(E). If End(E) \ Z is not empty, we say that E has complex multiplication. Consider the embedding End(E) ֒→ End(E) ⊗ Z Q. If E has complex multiplication, then every element ϕ of End(E) can be written as a + γb with a and b in Q ⊆ End(E) ⊗ Z Q and γ such that γ 2 < 0 and γ 2 ∈ Q. We say that an endomorphism ϕ splits if there exist α and β that are not isomorphisms so that ϕ = αβ. We define the norm as in [6, Section III.9]. If Norm(ϕ) = 1, then ϕ is an isomorphism and Norm(n) = n 2 for n ∈ Z. Moreover, Norm(αβ) = Norm(α) Norm(β) for every α and β in End(E). The group Gal(Q/Q) has a natural action over End(E), for the details see again [6, Section III.9].
Lemma 4.6. Suppose now that E is a rational elliptic curves that has complex multiplication (not necessarily with j(E) = 1728). Take p = 2 a prime that splits in End(E). Then, ψ 2 p (x) = f (x)g(x) with (f, g) = 1 and d = min{deg f, deg g} = 2p − 1.
Proof. Let p be a prime that splits in End(E), i.e. there exist α and β in End(E) \ Aut(E) such that αβ = p.
Then α = a+γb with γ as defined before. Let α = a−bγ and take g ∈ Gal(Q/Q). Then, (γ g ) 2 = (γ 2 ) g = γ 2 since γ 2 is rational and we conclude γ g = ±γ. So, α g = a g + γ g b g = a ± γb that is α or α. We denote with E[p] the set of the p-torsion point of E(Q) that has p 2 elements and it is invariant under the action of Gal(Q/Q). Consider the set{α(E[p]) ∪ α(E[p])}; we will show that it is invariant under the action of the Galois group and has 2p − 1 elements. If P = α(Q), then P g = α(Q g ) or P g = α(Q g ) and then P g is in α p and then f divides ψ 2 p . Now, we will come back to the case when E is defined by the equation y 2 = x 3 + ax. Let ϕ : E a (Q) → E a (Q) such that ϕ(x, y) = (−x, iy). This is an isomorphism and ϕ 2 = [−1]. Take p ≡ 1 mod 4. Fermat's theorem on sums of two squares tell us that, if p ≡ 1 mod 4, then there exist two integers z 1 and z 2 such that z 2 1 + z 2 2 = p. So, (z 1 + ϕz 2 )(z 1 − ϕz 2 ) = p and then p splits in the endomorphism ring. So, we can apply the previous proposition to our case. Take B mp without a primitive divisor. Then, thanks to Proposition 4.4, 2(mp) 2 ≤ p 2 (p 2 −1) 6 log |∆| − d log Kp|a| −1/2 2 + 2dC + 2 log mp + 2Cω(mp) ( d p 2 − ρ(mp))ĥ(P )
Then, there exists two constant C 1 and C 2 , depending only on p, such that
We can take,
log |∆| − (2p − 1) log(K p |a| −1/2 ) + (2p − 1)C + 2 log p + 2C 2ĥ(P ) and C 2 = 2p 2 + 2C 2ĥ(P ) .
This inequality could hold only for m small enough. Observe that this two constants can be bounded by constants that depends only on p, as in the case for p = 5.
Remark 4.7. An analogous of the previous theorem can be done also for elliptic curves with complex multiplication in the multiples of the primes that splits in End(E). In order to find uniform bounds, it is necessary to have inequalities similar to the inequality of Lemma 2.4 and Lemma 2.11.
